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Classical Monte Carlo
Take classical Ising model as example
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Classical Monte Carlo

Once detailed balance is promised ��→�′� � = ��′→�� �′ ⇒ � � =  �′ ��′→�� �′ , the possibility flowing 
from � to any �′ is equal to the reverse flow, i.e., no possibility redistribution.
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We derive the distribution � �  from a random distribution. Measure � � , update, measure � � , update… 
Average of all measured � �  will give  � =   � � � � � .



Some mathematical preparations
Trotter decomposition
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Some mathematical preparations
Free fermion partition function
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Review of Hamiltonian in momentum space
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Determinant QMC in momentum space
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Quantum Monte Carlo in momentum space
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Avoid sign problem
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Sign bounds theory
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Two corollaries for two reference systems
Corollary I: If � is real for every configuration (e.g., decoupled 
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where � and � are fermion bilinears and �� is real constant 
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Quantum Monte Carlo in momentum space

1. Write down QMC in momentum space
2. Sign problem and sign bounds theory
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• Superconductor within moiré flat bands
• TBG in charge neutrality
• TBG in other integer fillings



Superconductor within moiré flat bands

General interaction in density channel
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Superconductor within moiré flat bands
No sign problem
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Superconductor within moiré flat bands
SU(2) symmetry
Define a pair operator
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Superconductor within moiré flat bands

By noticing  0  and  2�  are two obvious ground states for this positive semi-definite Hamiltonian
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Superconductor within moiré flat bands



TBG in charge neutrality

Sign structure
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TBG in charge neutrality
Tr ��1��2⋯��푛 =det  � + ��1��2⋯��푛 
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Real!



TBG in charge neutrality
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TBG in other integer fillings
Find a ground state with 0 energy
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Full fill 푛 Chern bands is one of ground states
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TBG in other integer fillings
Ground state degeneracy by SU(4) Young diagram

U 4 × U 4 

� =− 1 푛 = 3 

+ −
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Young 
diagram

Degeneracy Chern number



TBG in other integer fillings
Polynomial sign bounds behavior at low temperature
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Corollary II: For a Hamiltonian like
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where � and � are fermion bilinears and �� is real constant number. If for a 

certain group of ��, there is no sign problem, one can take � �  as a reference 

system (This can be seen by noticing �� only contributes a phase in �).
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TBG in other integer fillings
Finite temperature topological phase transition
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