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Classical Monte Carlo

Take classical Ising model as example
H=1J3% sis; (si=%1)
)
Z=Tr(e Py =75 [ e Psisi
A (< gi,
(0) = Tr(0e Py — _llgpe
Tr(e_BH) {s} Z{S} l_l(i,j) e~Pois)

=2 Wiy
{s}

Importance sampling

W sy highly non uniform = Importance sampling

P_.. =Lmin{1 W{S/}}
S—S *S§ N —1 ! W{s}

Detailed balance is promised P, W =Py W, 3 Py =1



Classical Monte Carlo

Once detailed balance is promised P, W, =P, W, = W, =3 P W, -, the possibility flowing

S &S S &S

from s to any s is equal to the reverse flow, i.e., no possibility redistribution.
0

w, (1) = (0)

1
WU(Z) = %Pv—mwv(-l)
Wp(tb) = %Pv—mwv(tb) = W;J

We derive the distribution W ., from a random distribution. Measure , update, measure , update...

Average of all measured will give (0) = 5 sy Wisy



Some mathematical preparations

Trotter decomposition
e~PH = [] e=2tH()
t
e AtH(t) — oa—AtHoga—AtH(t) 4 O(Atz)

Hubbard-Stratonovich (HS) transformation

cTc terms

V(1) =1 +?6,y(12) =1 —%,n(ﬂ) =+ V2 (3=V6),n(+2) == V2 (3 + V6)

e PH = e=Hig=H2  @=Hn



Some mathematical preparations

Free fermion partition function
Z=Tr(e ™M) =det (I + e™)
Tr(eMie=Mz2_  e=Mn) =det (I + e Mi1e=M2_ e=Mn)

e Mieg=Mz  o=Mn o o=M
_ T
[M1, M2] € M, M; =3 Ay jcic
k]

Free fermion Green’s function

Tr(c;cTe™)
5 5, — 0gln (Tr (e%1%e™M)) |,

Gij Tr(e™M)

= 8, — 0 Tryy (In (1 + e™)) | g

=0;; — Try(cfcie™(I+e™)™ ) =5, = Try (cJe;(Il = (1 + e™)™) = [(1 + e™™)7T];;

Tr(ciclexcie™)
Tr(e™)

Gijik1 = = G, Gy, + G;(0k; — Gy;) (Wick's theorem)



Review of Hamiltonian in momentum space

H == HO + HI
HO = Z 8k,mCI;ka;m
k,m
1 V(g) ) )
Hi=552Vig+ Q>6pq+06p—q—0 = 2 = [(5pq + 5p_q) - (6Pq - 5p—q) ]
2Q 4,0 lgl=0 4Q

6pq+0 = %mzn An,m(kr k + q-+ Q) (C-It;nck+q;m - uéq,Oém,n)

An,m (k, k + q + Q) = KZX uT(,X;n (k)uK+Q,X;m (k + q)

t _ t
Ck;n - z un;K,X(k) Ck;K,X
K,X



Determinant QMC 1n momentum space

) 1 L
/ = Tr(e_BH) =Tr (rl e_At HOe_At Hl(t)) eaO2 — ZY(/)e\/ar)(l)O + 0(04)
t [=%1,+2
=Tr (] e—At Hoe—At%Zm#o V(q)[(Bp—q +0pg)* — (8p—gq —5pq)2]) A, = Vv 405 L
t
.

~ ¥ NI <2y i) v g )] Tr{[] [e72tHo ] e{ar104a(00-q 9P0) @(lies1 /A9 (90— ~0pa) ]
{hq,tt 1 |CI|¢0-I6 t |q|#0

. Tr(0e M) P ({11
(0) = Tr (6P 1
N - EI [I Dto'I_GY(IIq”'t) Y(I|q2|,t)]
P({’|q|,t})Tr[I'ItBt({l|q|,t})] gt({llq| tc}’)
) {/E,t} 200 P W DT, B:({liq,: 1] = e~AtHo Iqlri : eN(l1g11,0Aq(3p—q +8pg) o (l1g,1,0) Aq(3p—q —Bpg)

Tr[|'|t BAt({I|q|’t})] is not always



Quantum Monte Carlo in momentum space

1. Write down QMC in momentum space
2. Sign problem and sign bounds theory

* Avoid sign problem
* Sign bounds theory

* Two corollaries for two reference systems

3. QMC for 2D flat bands systems



Avoid sign problem

. Tr(0e™PH)
~ Tr(e PH) Tr(eMieMz...eMn) =det (I + eM1eM2...eMn)
) Tr[0 11, B: ({/jg,1)] @
P{lqeDTrI, Be({lq,e1)] = )
_ g T e T, B g ) D() = Tr [N B,({hq D] = det(Dy)
g0 2 (g0 P Wit T Be (Wi h)] If det(D,,) = det (D) det (D,) = det (D) det (D) > O,
A S, [Re(W))] i (W,)I<O>’ A then no sign problem.
— Z, WI<O>/ _ Z |Re( ) — <O>IRe(W,)I
oSw, W, ~ (sign)
I >, IRe(W))] Re(W)I ﬂ
2, IRe(W))]
(sign) = 5 Wi Z ~e BNAT

zI IRe(Wl)l Zfiction
(O)NO(-l)’ (Sigﬂ)NE_BNAf = <O>|Re(WI)|~e—BNAf



Sign bounds theory

D()=T [|] B ({ljq.:1)] = det(Dy)
Z= ;P(I) = (D)
;IRe(WI)I = %P(I) < %P(/) < \/W_______
d I
(IDI) V(ID|2)

(sign) = Z, WI _ E

9N =S TRe(W)I ~ 2

(sign) = W = (sign)lDI
(sign) = = (sign) p2

V(ID
((ID] = (IDI))?) = 0

If (ID]) or {|D|?) can be written back to non-decoupled Hamiltonian, one can derive the bounds behavior of {sign) according to

partition functions of target/original system and reference system.

Zp
(sign) = — or (sign) =

Z\p|

Z|D|2



Two corollaries for two reference systems

Corollary I: If D is real for every configuration (e.g., decoupled ~ Corollary II: For a Hamiltonian like

Hamiltonian is real), |D|?> = D? H=K+3(A—pa)?
A

D 0 ~ ~ where A and K are fermion bilinears and u, 1s real constant
D()? =det (¢" ) =Tr[[]By (B, ()] &

number. If for a certain group of u,, there is no sign problem,

H = Hpp2 by chcg = ClsCps |
s=+- one can take Z,p| as a reference system (This can be seen by
(sign) > noticing 4 only contributes a phase in D).
sign) =
Z|D|2
. —B(Ep — Ep))
At low temperature limit, (sign) > gpe PEp~El
gip|
—B(Ep —E 2/2)
e D]
(sign) = 95

\/9|D|2



Quantum Monte Carlo in momentum space

1. Write down QMC in momentum space
2. Sign problem and sign bounds theory
3. QMC for 2D flat bands systems

* Superconductor within moir¢ flat bands
* TBG in charge neutrality
* TBG in other integer fillings



Superconductor within moiré flat bands

General interaction in density channel

H) = E % qE%BZ V(g + G)0py+60p—g-c

5pq+G - kzX (fk,T,ka+q+G,T,X + fI,—T,ka+q+G,—T,X)
6pq+65p—q—G = FTFT + F—TF—T + FTF—T + F—TFT

Introduce inter-valley attractive interaction
5pq+66p—q—G =FFr+FF —FF_ —F_;F;

_ t t
Opg+6 = kZX (firxfrrqrerx = Fr—rxfkrqre-rx)

7 N\

No sign problem SU(2) = Exact solution

\VAVA

v

\ A A

_ Same

Energ



Superconductor within moiré flat bands

No sign problem
5pq+G - Z (Am,n,T(kr k + q + G) CZ,m,TCk+q,n,T _ Am,n,—T (k, k + q + G) CI,m,—TCk+q,n,—T)

k,m,n

— T
6Pq+G,—T == 2 )‘m,n,—T (k, k + q-+ G) Ck,m,—1Ck+q,n,—1 ) )
5 k'("/?”k o—o)ct . Time reversal requires
P m,n, T \"™ q —k,m,—1t%—k+q,n,—1 Am,n,—T(k' k + q + G)

— T 2* 1 ~ — * *

- k%n /\m,n,T(kv k — q-— G) Ck,m,—TCk—q,n,—T - 6p—q—G,T = /\m,n,T(_kv —k — q-— G)
BAt,T({I|q|,t}) — e_,At’HO,T I‘l ein(llqﬂ,t)Aq(ép—q,T +6Pq,T)en(llqzl,t)Aq(ép—q,T _5pq,T) + f
R CAtH lql+0 indl VA (B0 4807 ) (] VA (Bo%. — )Ck,m*—'r = C_k,m,—T
Bt,—T({Ilql,t}) = e O,—Tl Dtoe N\ 1,t)Aq\OP—q,r TOPq,r er’ lgpl,t/Aq\OP—qr —Qqr) — B:,T({Ikﬂ,t})

q

D) =Tr[[1B:({lq)] = det(Dy)
det(D),) =det (B,)det (B;) > 0, no sign problem.



Superconductor within moiré flat bands

SU(2) symmetry
Define a pair operator R + ot
AT =3 CkrC—k+Q,—1

k
[A+, 6pq+G] = [Z CZ,,TCik/+Q,—T ’ % (AT (k' k + q-+ G) CI,TCI(-FC],T _ )\—T(k' k + q-+ G) CI,—TCk'l‘q,—T)]
.I.

- ’% (A_r(k—Q,k+q+G—Q) = A (k,k+q+B))c} _.ct_orar

One can see when Q = 0, [AY, 8py46] = 0, which means [AT, H|] = [A,H/] = 0.
After computing [A, AT] = N — N, we find SU(2) generators

o, =A+ AT
O-yzi(é_AT)
o,=N-—N

— loi Uj] = 2igjj 0y




Superconductor within moiré flat bands

By noticing |0) and |2N) are two obvious ground states for this positive semi-definite Hamiltonian

1
H =——= V(g + G)opy+60p—q-
: ZQ%qEr%BZ I Pa+65P-q-6 v \/
6pq+G = kz (Am,n,T(kr k + q-+ G) Cz,m,rck+q,n,r _ Am,n,—T (k, k + q-+ G) Cz,m,—rck+q,n,—T) @
,m,n

One can see (AT)"]|0) is also a ground state. The degeneracy of ground state will be N + 1. \ [\ /
Besides, one can diagonalize this Hamiltonian in single-particle subspace
1
Hip =552 V@+6) ¥ A . (kk+q+GA,, (k+q+G, K)Ch mrClont
q.G k,m,n,n T

Again, (AT)"|1) will give all single-particle excitations



¢ flat bands
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TBG 1n charge neutrality

Sign structure

Degrees of freedom Kinetic terms Sign Structure
Single valley single spin No Real
Single valley double spin No Non-negative

Double valley single spin Flat bands Non-negative

Double valley double spin  Flat bands Non-negative

1
H =— V(g+G)o 0p_4—
| ZngEnquZ (q ) pq+G P q—G

6pq+G = SZT5Pq+G,s,T = 5p1q—G

6pq+G,S,T = %nzm An,m,r(kv k + q+ G) (Cz,n,s,rck+q,m,s,T - Eéq,oém,n)



TBG 1n charge neutrality

Tr(eM'leMZ...eMn) :det (I+eM]eM2...eMn)
Bi({l,q,)) = e72tHo [ eMUiar1)Aa(0P—q +02q) g Uia;1.0)Aq(0P—g ~0Pg)
' Iql=0

When Hy = 0,
~ 1 .
Tr [N Bi({lg, D] = €725 "M det (1 + eM1eMz...eMn)
t
Define U = eM1eM2...eMn_det (U) = e2i "M = eZaita = oI

T T _
e '2det (I + U) = e 2] (1 + ea)

a

. r . r . r
For any term e’ %A% =3 there is always a term e’ 2keatk =3 = of (" 2keat +3) Add all terms together,
~ I B
TrNB:{lgH]=e 2det (I +U) = S 2cos (5> Ay — E)
t A keA

Real!



TBG 1n charge neutrality

1
5pq+G,s,T = %nzm An,m,T(kr k+q+ G) (Cz,n,s,rck+q,m,s,r _ Eéq,oém,n)

Amr(k=G k+q) =A,m:(k,k+qg+G)
Amr(k k+q+G) = A, (k+q+ G k)
Amr(k,k+g+G)=mx*n*xA_,_,_.(k,k+qg+G)

1
5pq+G,s,—T = % nzm An,m,—r(kr k+q+ G) (Cz,n,s,—rck+q,m,s,—T _ E 5q,06m,n)
1
= %nzm —m*n* )‘n,m,r(k: k+q+ G) (Ck+q,—m,s,—TCZ,—n,s,—T - Eéq,oém,n)
- 1
= % nzm - A;‘n,n,T(kr k — q-— G) (é\?-(,m’s,—TCk—q,n,S,—T _ E 6q,05m,n)
- Gp*—q—G,S,T

Translation

Hermite
C,,P

Tr [rt| B:({l,q:})] = D.D_, = D,D;

Non-negative!



TBG 1n other integer fillings

Find a ground state with 0 energy

:
H=-=3 3 V(q+G6)0py+c0p_g—c

2Q G qemBz
t t . ~ . ~ v+4
6pq+G = kz )‘m,T(kv k+q+ G) (Ck,m,s,TCk+q,m,s,T + Cim,—sCk+qm—s1 T Ckm,s,—rCk+qms,—1 T Ckm,—s,—1Chk+qm,~s,—1 — Téq,o)
,m
Full fill n Chern bands is one of ground states
0pg+clWo) =3, An,(k,k +G)(n—(v+4))|py) =0,whenn—(v+4) =0
q+G 0 k’'m,T U(4)XU(4)

Raising operators within U(4) applying on ground states are also ground states m -m
HIA:rn,o,o’“PO) = AZ,G’Hlle) =0

t gt m
Am,o,o/ = %Ck,m,Gck,m,o’ , -

S
o, 0 for empty and occupieN o

spin-valley U(4) in Chern sector m. v==1(n=3)




TBG 1n other integer fillings

Ground state degeneracy by SU(4) Young diagram

U(4) x U(4) Young Degeneracy Chern number
+ — diagram
_ - (IN+3))(N+2)(N+ 1)
“ X ‘ 3! C=3
v==—1(n=3)
- ) X T (N+3)Z(N+2)3(N + 1)2

X 313121 (v
? J



QO
o 2]
T =

(sign)

=
o~

TBG 1n other integer fillings

Polynomial sign bounds behavior at low temperature

Filling(v) Chiral(y = 0)
1

(N+3)2(N+2)°(N+1)2  (N+3)(N+2)(N+1) 0 3
(sign) = Gv=t _ 3! 3! 3 o N- =il | N
g0 (N+3)?(N+2)*(N+1)? (N+3) (N+2)*(N+T)° +2 N2
31312121 313 s
+3 N7°
+4 N8
= 1 - .
Eijf = (b) i__ E - ; EQ‘\)ICJ Corollary II: For a Hamiltonian like
—| 08 3 £:4|{Q\IC]
S 1 =4 (ES) H=K+§(A_IJA)2

| where A and K are fermion bilinears and p, is real constant number. If for a

certain group of 4, there is no sign problem, one can take Z|p as a reference

= system (This can be seen by noticing p, only contributes a phase in D).

filling (1) filling(v) e—B(Ep —E|p))

dip|

(sign) =



TBG 1n other integer fillings

Finite temperature topological phase transition

1.2 ‘ ‘ 2 —§—L -
—T=3.33
+-L=4 —T=2.50
L= T=2.22
$-L=6 —T=2.00
——T=1.82
-T=1.67
—T=1.43
—T=1.25
—T=1.11
T=1.00
O 1 L 1 I L L L I T
-50 -40 -30 -20 -10 0 10 20 30 40 50
w(meV)
; - 10 ; ; ; ; ;
——T=3.33 ( d) —T=3.33
——T=2.50 ——T=2.50
T=2.22 S;A T=2.22
—T=2.00 ——T=2.00
3 —T=1.82 - ——T=1.82
[ oo g A\ —T=1.67 e, ————T=1.67
= =2 AN\~ T=143 I - |—T=143
I —T=1.25 —T=1.25
—T=1.11 _/\/\—T=1.11
‘J\/\ T=1.00 2 /\/\ T=1.00
———
0 o N A e 0 ., T A e
-50 -40 -30-20-10 0 10 20 30 40 50 -50 -40 -30 -20 -10 O 10 20 30 40 50

w(meV) w(meV)
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